ABSTRACT. We answer a question by Cusick from 1975 by exhibiting new elements in M \ L near 3.7 > √ 12.
INTRODUCTION
The best constants of Diophantine approximations of irrational numbers and indefinite binary quadratic forms are encoded by two closed subsets L ⊂ M of the real line called Lagrange and Markov spectra.
These sets were intensively studied 1 by several authors (including Hurwitz, Perron, ...) since the seminal works of Markov from 1880 in this subject. Nevertheless, it took a certain time to decide whether these two sets were the same: in fact, Freiman showed in 1968 that M \ L = ∅ by exhibiting a countable subset of isolated points of M \ L near 3.11; after that, Freiman proved in 1973 that M contains a point α ∞ near 3.29, and Flahive showed in 1977 that α ∞ is the accumulation point of a countable subset of M near 3.29.
This state of affairs led Cusick [1] to conjecture in 1975 that the Lagrange and Markov spectra coincide after √ 12, i.e., (M \ L) ∩ [ √ 12, ∞) = ∅: in fact, one reads at page 516 the phrase "I think it is likely that L and M coincide above √ 12 = 3.46410". In this article, we extend the analysis in our two previous papers [4] , [5] to give a negative solution to Cusick's conjecture: Theorem 1.1. The intersection of M with the interval (3.7, 3.71) has Hausdorff dimension > 0.53128 (and, a fortiori, (M \ L) ∩ (3.7, 3.71) = ∅).
The set M \ L is not very large: its Hausdorff dimension is < 1 (cf. [6] ). However, the construction of the present paper indicates that it is considerably larger than it was suggested by the previously known examples. In particular, we don't know the answer to the following question 2 . Consider the Lagrange spectrum L, and denote by X the set obtained from L by removing all non-trivial closed intervals contained on it and all of its isolated points. Is every point of X accumulated by points in M \ L?
1.1. Ideas behind the proof of the main result. Our first source of inspiration to construct new elements in M is provided by Flahive paper [3] . In this article, Flahive introduced the notion of semi-symmetric words and she proved that an element of M is usually associated to non semi-symmetric words. In particular, it is not surprising that Freiman's construction of elements in M is related to the non semi-symmetric words (of odd lengths 3 ) 222211221 and 2112221, and our construction of new elements in M is based on the non semi-symmetric word (of odd length) 3322212.
Once we have chosen our preferred non semi-symmetric word α of odd length, we compute the Markov value of the periodic sequence . . . αα . . . , and we select a Cantor set Σ of sequences whose Markov values are < .
Since α is not semi-symmetric, the problems of gluing sequences in Σ on the left and/or on the right of . . . αα . . . in such a way that the Markov value of the resulting sequence doesn't increase too much might have distinct answers. In fact, if α decomposes as α = xy, then the Markov values µ of . . . ααz = . . . xyxyz with z ∈ Σ could be µ > and systematically smaller than the Markov values ν of wαα · · · = wxyxy . . . with w ∈ Σ (because the gluings of y and z is a different problem from the gluings of w and x). For example, if we try to glue the sequence 2121 · · · ∈ Σ on the right of the periodic sequence . . . αα · · · = . . . 33222123322212 . . . without increasing too much the Markov value of the resulting sequence, we might go for . . . 33222123322212212121 . . . In other words, the cost of gluing any w ∈ Σ and αα . . . is always higher than the cost of the sequence . . . ααz. Hence, the Markov value µ of . . . ααz is likely to belong to the complement of L because any attempt to modify the left side of . . . ααz to reproduce big chunks of this sequence (in order to show that µ ∈ L) would fail since it ends up producing a subword close to the sequence zαα . . . ααz whose Markov value would be ν > µ.
1.2.
Organization of the article. In Section 3, we show that any Markov value close to 3.70969985975025 . . . can only be realized by a sequence containing the word
In Section 4, we show that a sequence a containing β whose Markov value is < 3.70969985975033 is necessarily periodic on the left, i.e., a = 332221233222123322 (where 3322212 means an infinite concatenation of 3322212).
Finally, in Section 5, we derive Theorem 1.1 as a consequence of a more precise result (cf. Theorem 5.3 below) and the recent work of Jenkinson-Pollicott [8] .
2. SOME NOTATIONS Given a sequence a = (a n ) n∈Z ∈ (N * ) Z , we denote by λ Given a finite word γ, the sequence obtained by infinite concatenation of this word is denoted by γ.
In general, we will indicate the symbol a 0 at the zeroth position of a sequence a = (a n ) n∈Z by an asterisk, i.e., a = . . . a −2 a −1 a * 0 a 1 a 2 . . . . The reader is invited to consult the book [2] by Cusick and Flahive for more background on continued fractions and their relationship to the Lagrange and Markov spectra.
In the sequel, we deal exclusively with sequences a = (a n ) n∈Z ∈ {1, 2, 3} Z .
LOCAL UNIQUENESS OF CANDIDATE SEQUENCES
Lemma 3.1.
Proof. λ 0 (. . . 
An immediate corollary of this lemma is:
Proof. 
Proof. Proof. This is a straighforward calculation.
The previous two propositions imply that: 
